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GAUDUCHON METRICS 
WITH PRESCRIBED VOLUME FORM 

GABOR SZEKELYHIDI, VALENTINO TOSATTI, AND BEN WEINKOVE 


Abstract. We prove that on any compact complex manifold one can 
find Gauduchon metrics with prescribed volume form. This is equivalent 
to prescribing the Ghern-Ricci curvature of the metrics, and thus solves 
a conjecture of Gauduchon from 1984. 


1. Introduction 

Let M be a compact complex manifold of complex dimension n. Suppose 
that M admits a metric a = A dz^ > 0 which is Kahler (that is, 

da = 0). Van’s celebrated solution [41] of the Calabi conjecture says that 
given any smooth positive volume form cr on M with a = a”, we can 

find a Kahler metric u with this prescribed volume form 

(1.1) ta" = cj. 

Moreover, there exists such a metric so that [w] = [a] in M), and with 

this cohomological constraint the metric u is unique. 

Furthermore, Van’s Theorem is equivalent to a statement about the hrst 
Chern class ci(M). Namely, given any smooth representative T of ci(M), 
there exists a unique Kahler metric u cohomologous to a such that 

(1.2) Ric(a;) = 4', 

where Ric(a;) is the Ricci form of the Kahler metric u. Indeed, this follows 
immediately from the definition of ci(M) and by applying the operator 
—V^Mclcllog to (1.1). 

It is natural to investigate whether similar results hold when M does 
not admit a Kahler metric, but only a Hermitian metric a. If we do not 
impose any constraint on the class of Hermitian metrics that we consider, 
then (1.1) can be trivially solved by a conformal change of metric. However, 
there is a natural class of Hermitian metrics which exist on all compact 
complex manifolds, namely Gauduchon metrics. A Hermitian metric a is 
called Gauduchon if 

dd{a^~^) = 0 , 
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and a classical result of Gauduchon [11] says that every Hermitian metric is 
conformal to a Gauduchon metric (uniquely up to scaling, when n ^ 2). In 
particular, if we restrict our attention to Gauduchon metrics then we cannot 
use nontrivial conformal changes. 

Motivated by Yau’s Theorem, in 1984 Gauduchon [12, IV.5] posed the 
following conjecture: 

Conjecture 1.1. Let M he a compact complex manifold and T a closed 
real (1,1) form on M with [T] = cf*^(M) € Then there is a 

Gauduchon metric u on M with 

(1.3) Ric(t<;) = T. 

To explain our notation here, 

in.'i _ {t^-closed real (1,1) forms} 

’ {y/^ddfj \ €C°°{M,R)}' 

denotes the (finite dimensional) Bott-Chern cohomology group, and Ric(w) 
is the Chern-Ricci form of u, which is locally given by 

Ric(a;) = —yf^ddlogdeig, 

where we write w = yt—lg^dz'^ A dzT It is a closed real (1,1) form and 

its first Bott-Chern cohomology class cf^(M) = [Ric(a;)] £ is 

immediately seen to be independent of the choice of oo. 

In the spirit of Yau’s Theorem, we restate Conjecture 1.1 as an equivalent 
statement about the existence of Gauduchon metrics with prescribed volume 
form: 

Conjecture 1.2. Let M be a compact complex manifold and a a smooth 
positive volume form. Then there is a Gauduchon metric u) on M with 

(1.4) a;" = (j. 

The equivalence with Conjecture 1.1 follows by applying the operator 
—v^^clSlog to (1.4). 

Our result. Theorem 1.3 below, gives a proof of Conjecture 1.1 (and hence 
also Conjecture 1.2). Moreover, our result strengthens the conjecture by im¬ 
posing a cohomological constraint on the solution uj. Before we state our 
results, we make some remarks about Conjecture 1.1: 

(1) When M is Kahler this conjecture follows from Yau’s Theorem. 

(2) When n = 2 the conjecture was proved by Cherrier [4] in 1987 by solv¬ 
ing a complex Monge-Ampere equation (see also [35, 16] for different proofs). 

(3) More recently the second and third-named authors [38] proved Conjec¬ 
ture 1.1 when M admits an astheno-Kdhler metric, i.e. a Hermitian metric 
a with dd{oT~‘^') = 0 (a condition introduced in [20]). 
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(4) Clearly there can be no uniqneness in Conjecture 1.1 as stated. 

(5) In [36] the second and third-named authors proved that given a Hermit- 

ian metric a one can always find another Hermitian metric w of the form 
oj = a + y/^ddu for u G M), solving (1.3). If re = 2 then a Gaudu- 

chon implies that u is also Gauduchon (and this equation was solved in [4]), 
but this is no longer the case when re ^ 3. Hence the result of [36] does not 
help to solve Conjecture 1.1 in dimension 3 or higher. 

(6) A consequence of Conjecture 1.1 is that cf*^(M) = 0 holds if and only 
if there exist Chern-Ricci-flat Gauduchon metrics on M. More information 
about these “non-Kahler Calabi-Yau” manifolds can be found in [33]. 

We now state our main results. We first introduce some terminology 
concerning cohomology classes of (re — 1, re — 1) forms. Define the Aeppli 
cohomology group 

^ {gg-closed real (re - 1, re - 1) forms} 

^ ’ {07 -|- ^7 ] 7 G A”'“2’’^“^(M)} 

This space is naturally in duality with the Bott-Chern cohomology group 
we considered earlier, with the nondegenerate pairing (8) 

—7- M given by wedge product and integration over M (see 
e.g. [1]). If ao is a Gauduchon metric then defines a class [ag”^] G 

M). 

We prove: 

Theorem 1.3. Let M be a compact complex manifold with a Gauduchon 
metric ao, and T a closed real (1,1) form on M with ['h] = cf*^(M) G 
H^q{M,'R). Then there exists a Gauduchon metric lo satisfying = 

[oq”^] in and 

(1.5) Ric(a;) = 'h. 

This result immediately implies Gonjectures 1.1 and 1.2. 

In [38], the second and third-named authors observed that to solve The¬ 
orem 1.3 it is enough to solve a certain partial differential equation, which 
was also independently introduced by Popovici [28]. This equation is a vari¬ 
ant of one introduced by Fu-Wang-Wu [9] and related to Harvey-Lawson’s 
notion of (re — l)-plurisubharmonic functions [17, 18]. 

Namely, we seek a Hermitian metric a; on M with the property that 

= aff~^ +d'^ + (97, 


where 
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u G and a is a background Gauduchon metric. Clearly, by con¬ 

struction, the metric io is Gauduchon assuming ao is Gauduchon. Substi¬ 
tuting, we see that 

(1.6) 0 ;”“^ = + V^ddu A -|- Re [y/^du A , 

while if we write 

Ric(cj) = ^' + V^ddF, 
then (1.5) is equivalent to 

= e^+^a^, 

for some constant 6 G M. This is exactly the equation that we solve, thus 
resolving [38, Conjecture 1.5] and [28, Question 1.2]. 


Theorem 1.4. Let M be a compact complex manifold with dime M = n ^ 2, 
equipped with a Hermitian metric oq and a Gauduchon metric a. Given a 
smooth function F on M we can find a unique u G M) with sup^^^ u = 

0, and a unique 6 G M such that the Hermitian metric oj defined by 

:= + V^ddu A + Re A 5(a”-2)) > 0, 

satisfies 

(1.7) w” = 


Clearly, as we just described. Theorem 1.3 follows from this result if we 
take ao = a Gauduchon. We make some remarks about Theorem 1.4. 


(1) In the case when a is Kahler, or more generally if the linear term in¬ 
volving du is removed, the equation (1.7) reduces to the Monge-Ampere 
equation for (n — l)-plurisubharmonic functions, solved by the second and 
third-named authors [37, 38] (see also [10] for earlier partial results). 

(2) In the case when n = 2 this equation reduces to the complex Monge- 
Ampere equation, solved in [4] (see also [35]). 

(3) It was shown in [38] that Theorem 1.4 can be reduced to a second order 
a priori estimate of the form (cf. [19]) 

sup \y/^ddu\a ^ ^(l -I- sup |Vu|^), 

M M 

for solutions u of (1.7). This is precisely the estimate we prove in this paper. 

(4) If in Theorem 1.4 we assume that ao is strongly Gauduchon in the sense 

of Popovici [27], namely that is 9-exact, then by construction so 

is the solution cu. Thus we also get a Calabi-Yau-type theorem for strongly 
Gauduchon metrics. More applications of this theorem can be found in [28]. 

(5) Our method of proof of Theorem 1.4 can also be used to solve an equation 
introduced by Fu-Wang-Wu [9] in certain cases. Suppose we have a compact 
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Hermitian manifold {M,ao) and we seek a Hermitian metric u solving (1.7) 
with the property that 

for some u G M) and some Hermitian metric a. This setup is partic¬ 

ularly interesting because if ao is balanced (i.e. d(aQ~^) = 0, see [24]), then 
so is uj, and one obtains a Calabi-Yau theorem for balanced metrics (see also 
[33, Section 4]). When a is Kahler this setup reduces to the setting of item 
(1). If we instead assume that a is astheno-Kahler, then we see that 

(1.8) A + 2Re A 9(a"-2)) , 

which differs from (1.6) just for a factor of 2. Therefore this problem falls 
into our general framework (see Theorem 2.2 below), and we conclude that 
we have uniform a priori estimates for solutions of this equation. The exact 
same argument as in [38, Theorem 1.7] using the continuity method then 
shows that the equation is indeed solvable. In the case when we choose ao 
to be balanced, this gives a proof of [33, Conjectures 4.1 and 4.2] assuming 
that M admits astheno-Kahler metrics. However, we should remark that we 
are not aware of any example of a non-Kahler compact complex manifold 
which admits both balanced and astheno-Kahler metrics. 

(6) The same argument as the proof of Theorem 1.4 also allows us to find a 
Gauduchon metric uj solving the “complex-Hessian” equation 

^ ^n-k ^ ^F+h^n^ 

for any 1 ^ ^ n, see also [32, Proposition 24] for the case of {n — 1)- 

plurisubharmonic functions, and [8, 19] for the standard Kahler case where 
a; = a -|- y/^ddu. 

(7) The complex setting is very different from the real analogue of (1.7), 
treated for example in more generality in [15]. The underlying reason is the 
two different types of complex derivatives. In our case the special structure 
of the gradient term in (1.7) plays a key role. 

In fact. Theorem 1.4 follows from a much more general result where we 
consider a large class of fully non-linear second-order elliptic equations on 
Hermitian manifolds. This result is analogous to the main result in [32], 
giving a priori estimates in the presence of a suitable subsolution. We will 
state this as Theorem 2.2 in Section 2. This result fits into a large body of 
work on fully non-linear second order elliptic equations, going back to the 
work of Caffarelli-Nirenberg-Spruck [3] on the Dirichlet problem on domains 
in R"". Some other works on this topic include [6, 7, 13, 14, 15, 16, 21, 22, 
23, 25, 26, 30, 31, 39, 40, 42, 43, 44], 

In our proof of Theorem 2.2 we use some of the language and approaches 
of the recent paper of the first-named author [32]. However, if one is only 
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interested in a direct proof of Theorem 1.4, one can equally well use the 
language of [38]. In any case, the key new ingredient is an understanding of 
the structure of the term Re A . 

The paper is organized as follows. In section 2 we will introduce some 
notation and state our main technical theorem 2.2. The proof of this the¬ 
orem will be given in section 3, and in section 4 we show how this implies 
Theorem 1.4. 

As the present work neared completion, we were informed that Bo Guan 
and Xiaolan Nie have a work in progress on related results. 

2. Background and the General Setting 

Let (M, a) be a compact Hermitian manifold of complex dimension n and 
write 

a = \/—la-Tcfz* A dz^ > 0. 

Fix a background (1,1) form x = A dz^ which is not necessarily 

positive definite. Let IIAj(Vu) be a Hermitian tensor which depends linearly 
on Vtt. For tt : M —?> M define a new tensor by 

(^•1) 9ij ■ Xij T ^ij T • 

Note that we do not assume that {gjj) is positive definite. We will study 
equations for g, where W has a special structure related to the equation 
(1.7). To define this let us write 

(^•2) 9ij • ^oi{9ij) ^ 9ij^ ! 

where Pa is an operator on tensors, depending on the fixed metric a, defined 
by the second equality in (2.2). As an aside, if a is the Euclidean metric on 
C” then the condition Pa{Uij) ^ 0 is equivalent to saying that u is (n — 1)- 
plurisubharmonic, in the sense of Harvey-Lawson [17]. 

Observe that, writing A = 

(2'3) gj^j Xij T ^ ((^^)®ij ^ij) 

for Z given by 

(2.4) := P„(iy,y) = ^ ((tr„IF)«,j - W.j) , 

and similarly, X{j = Pa{Xij)- Note that we can also write W explicitly in 
terms of Z 


( 2 . 5 ) 


IF,. = (tr„Z)a,j-(n-l)%. 
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A crucial assumption we make is that W depends on Vu in the following 
way: we assume that the tensor Z has the form 

(2.6) Z.j = ZPjUp + Zj.up, 

for some tensor Z^, independent of u. In addition we have: 


Assumption for W: In orthonormal coordinates for a at any given point, 
the component Z^ is independent of ui and Uj (in other words Z^^ = 0 for 
all i,j), and ^iZ^j is independent of uj (in other words = 0 for all i). 


Here V is the Chern connection of a. This assumption expresses a certain 
skew-symmetry requirement for the tensor W. This assumption is satisfied 
for the (n — l)-plurisubharmonic Monge-Ampere equation, the case of most 
interest to us, see (4.3) below, the key reason being that the torsion tensor 
is skew-symmetric. 

Let us record here a few consequences of this assumption, which will be 
used later. Taking Vp of (2.6), setting i = j, evaluating at that point and 
using that Zt, = 0 we see that '^pZ-j is independent of uu and (at that 
point, in orthonormal coordinates for a). Here the subscripts of u denote 
ordinary partial derivatives. Similarly, is independent of uu. Taking 

two covariant derivatives we have 


and evaluating at our point and using the assumptions = 0 and ZL = 

0, we see that V-VjZ- is independent of and 

Given a smooth function h, we study equations of the form 


F{A) = h, 

where A is the endomorphism A*- = (A^gjp of the holomorphic tangent bun¬ 
dle, which is Hermitian with respect to the inner product defined by a, and 
F{A) is a symmetric function of the eigenvalues Ai,..., of A: 

(2.7) F(A) = /(Ai,...,A„). 

We assume that our operator F has the special form F{M) = F{P{M)), 
where P{M) = (n — 1)“^ [Tr(M)/ — M] , analogous to Pa above, and 

F{B) = f{gi ,... ,/rn), 

where gi,..., gn are the eigenvalues of B, and / is another symmetric func¬ 
tion. In terms of eigenvalues, this means that 


( 2 . 8 ) 


/(Ai,...,A„) = (/oP)(Ai,...,A„), 
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where we are writing P for the map M"' —)• M”' induced on diagonal matrices 
by the matrix map P above. Explicitly, writing /r = P{X) for G the 
corresponding n-tuples, we have 

(2.9) f{Xi,...,Xn) = for/ifc = ^— 


Assumptions for / and h: we make the following assumptions on /, and 
the function h in our equation: 

(i) / is defined on an open symmetric convex cone E C M"', containing 
the positive orthant = {(xi,..., Xn) G K”' | Xj > 0, i = 1,..., n}. 

(ii) / is symmetric, smooth, concave, and increasing, i.e. its partials 
satisfy fi>0 for all i. 

(hi) sup^p / < in£M _ 

(iv) For all /X G E we have limt_>.oo = supp /, where both sides are 
allowed to be 00 . 

(v) /i is a smooth function on M. 

Define the cone E C M” by E = /’“^(E). Observe that P maps E„ into 
E„. It is then easy to see that the function f = f o P : T —>-M satisfies 
exactly the same conditions as /. In particular some of the results of [32] 
can be applied to the equation F{A) = h. We need the following definition 
(see Remark 8 in [32] to see the equivalence with the definition there), which 
is a modification of a notion introduced by Guan [14]. 

Definition 2.1. We say that rt is a C-subsolution for the equation F{A) = h 
if the following holds. Let be defined as in (2.1). We require that for every 
point X G M, if A = (Ai,..., A„) denote the eigenvalues of the endomorphism 
oX^djp at X, then for alH = 1,..., n we have 

lim /(A + tei) > h{x). 

t—^OO 

Here e* denotes the standard basis vector. Note that part of the re¬ 
quirement is that A + tei G E for sufficiently large t, for the limit to be 
defined. 

With this background, our main estimate is the following, analogous to 
the main result in [32]. We will give the proof in section 3. 

Theorem 2.2. Suppose thatu is a C-subsolution for the equation F{A) = h, 
and u is a smooth solution, normalized by supjy^ u = 0. Suppose that F and h 
satisfy the assumptions above, including the assumption for the gradient term 
W. Then for each k = 0,1,2,..., we have an estimate ||zz||c'=(M,a) ^ C'fc? 
with constant depending on k, on the background data M, a, x, F, h, the 
coefficients of W and the subsolution u. 



GAUDUCHON METRICS WITH PRESCRIBED VOLUME FORM 


9 


The case of primary interest for us is equation (1.7), which corresponds 
to the symmetric function 

(2.10) 7(//i, ...,//„) = log(/ii • ... • Hn), 

on the positive orthant T = T^. It is straightforward to check that / satisfies 
the conditions above. Indeed, / converges to —oo on the boundary dTn, so 
(hi) is satisfied, and for (iv) it is enough to note that /(t/i) = f{fi) +nlogt, 
which converges to oo as t —oo. 

In addition, if ^ S r„, then we also have 

lim f{fj. + tei) = oo, 

t—>-oo 

for all i. This means that for a function u to be a C-subsolution for this 
equation, the only requirement is that at each point the eigenvalues A of 
a^^gjp satisfy P{X) G T^. In other words, the requirement is that Ijfj, defined 
in (2.2), is positive definite. 

Note that if u is a C-subsolution, then replacing y; by 

x'j = xq + Ufj + WfjiVu), 

we can assume that u = 0. The important consequence of 0 being a C- 
subsolution is the following, which follows from Proposition 6 and Lemma 
9 in [32]. 

Proposition 2.3. Suppose thatO is a C-subsolution for the equation F{A) = 
h, and u is a solution. Define as in (2.1). There are constants R, n > 
0, independent of u, with the following property. Let x G M, and choose 
orthonormal coordinates for a at x, such that g is diagonal, with eigenvalues 
A = (Ai,..., An). 7/ |A| > R, then there are two possibilities: 

(a) We have 

k k 

(b) Or, fk{X) > nYji fiW for all k. 

In addition YlkfkW > 

We collect some other basic properties of the functions / and /. Suppose 
that A G r with Ai ^ ... ^ A^. Then /ii ^ ... ^ pLrn and so by property 
(ii), fi> .. .^ fn> 0 (see e.g. [32, p.l2]). We have 

( 2 . 11 ) = 

i^k 

which implies that 0 < /i ^ ^ /n. Also, for k > 1, 


( 2 . 12 ) 


n — 1 


^fk^fi 
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i.e. the fk for A: > 1 are all comparable, while /i may be relatively small. 
In addition, from (2.11) with A: = 1, we obtain 

(2.13) fi ^ {n- l)/i, for i > 1. 


Proposition 2.3 is easy to verify directly in the case of equation (1.7), 
where 

/(A) = log(^ii • ... • /in), 

with defined as in (2.9). Indeed, in this case 


IJ-i 


and 


A(A) = 


1 


-E-- 

1 ^ Ui 




The function 0 being a C-subsolution means that x in (2.3) is positive 
definite. We have 

'^fkWXkk = = T'^fkW^ 






for some r > 0 depending on a lower bound for x- We also have 


^ Afc/fc(A) = n. 

k 


It follows that we have the alternative (a) in Proposition 2.3 whenever there 
is one sufficiently small /ij, which by the equation /(A) = h is equivalent to 
having at least one large /ij, i.e. at least one large A*. In addition 


k i=l 

> n(/ii • ... • 


so that the final claim in Proposition 2.3 also holds. 


3. Proof of the main estimate 
In this section we give the proof of Theorem 2.2. 

First of all, a uniform bound ^ C can be obtained by a simple 

modification of the argument in [32, Proposition 10, Remark 12], which is 
itself inspired by Blocki’s proof of the L°° estimate in Yau’s Theorem [2]. In 
the setting of equation (1.7), the L°° estimate of u was first proved in [38], 
using a different method more analogous to the arguments in [41, 4, 36, 37]. 
Our main goal is the following estimate: 

(3.1) sup l-\/^(99ula ^ (^(sup jVu]^ + 1), 

M M 
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for a constant C depending only on the fixed data of Theorem 2.2. We re¬ 
mark that an estimate of this form was proved in the context of the complex 
Hessian equations by Hou-Ma-Wu [19], making use of ideas of Chou-Wang 
[5]. For the (n—l)-plurisubharmonic equation (namely, equation (1.7) with¬ 
out the linear term in du), an estimate of this type was proved in [37, 38]. 
This was then generalized much further in [32], where the estimate was 
shown to hold for a large class of equations. Our proof begins along similar 
lines to these papers. The new difficulty comes from the linear term in 
which, fortunately, has a special structure that we can exploit. 

In fact, the estimate (3.1) is equivalent to the bound 

Ai < CK, 

where K = 1 + sup^ and Ai is the largest eigenvalue of H = (Hp = 

{a^^gjp). Indeed, our assumption on the cone T implies that > 0 (s®® 

Caffarelli-Nirenberg-Spruck [3]). Then if Ai is bounded from above by CK 
then so is |Aj| for all i, giving the same bound for supjy^ \y/—lddu\a- 

We consider the function 

H = logXi + (f){\Vu\l) + 'ilj{u), 

where (p is defined by 

so that (p{\Vu\a) G [0, (log2)/2] satisfies 
(4iF)-^ <(/)'< {2K)-\ 
and "0 is defined by 
(3.2) V'(t) = 

for sufficiently large uniform constants Di,D 2 > 0 to be chosen later. By 
the L°° bound on u, the quantity ipiu) is uniformly bounded. 

We remark that we follow [32] by computing with the largest eigenvalue Ai 
instead of the analogous quantity in [38], but in fact either quantity works, 
at least in the case of equation (1.7). Also, note that while the function 
(p here coincides with that in [19] (and also in [37, 38]), our choice of ip is 
crucially different. 

We work at a point where H achieves its maximum, in orthonormal com¬ 
plex coordinates for a centered at this point, such that g is diagonal and 
Ai = gii- The quantity H need not be smooth at this maximum point be¬ 
cause the largest eigenvalue of A may have eigenspace of dimension larger 
than 1. To take care of this, we carry out a perturbation argument as in 
[32], choosing local coordinates such that H achieves its maximum at the 
origin, where A is diagonal with eigenvalues Ai ^ ^ A^, as before. We 

fix a diagonal matrix B with B\ = 0 and 0 < < • • • < and we define 

A = A — B, and denote its eigenvalues by Ai,..., A,i. 


2K J 

cP" = 2(P'^ > 0 , 
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At the origin we have 

Ai = Ai, Aj = Aj -Bj, i > 1, 

and Ai > A 2 > • • • > An- As discussed above, our assumption on the cone T 
implies that A* > 0 and we fix the matrix B small enough so that 




We can choose such B such that, in addition. 


(3.3) 


E 

P>1 


Ai — A,, 


^ C, 


for some fixed constant C depending on the dimension n. Now, after possibly 
shrinking the chart, the quantity 

H = logAi +(/>(|Vnl^) + i/i(u), 

is smooth on the chart and achieves its maximum at the origin. We will apply 
the maximum principle to H. Our goal is to obtain the bound Ai ^ CK at 
the origin which will give us the required estimate (3.1). Hence we may and 
do assume that Ai S> AT at this point. 

We now differentiate H at the origin, and as before, we use subscripts k 
and 1 to denote the partial derivatives djdz^ and djdz^. We have 


(3.4) 


Ai,fc 

Ai 

Ai,fe 

Ai 

Ai,fc 

Ai 


Eh = 114 ^ + (\)'{oF'^UyUqk + aP^^UpkUq + {aP‘>)kUpUq) + i/j'uk 
(j) (^UpUpk '^pk'^p 4“ 4“ lA '^k 

4“ 4^ b/c 4“ Uk: ■— '^p'^pk 4“ UphUp 4“ (^O^^^^hUpUq. 


Differentiating once more, 

K,kk |Al,fcP 


^kk — 


Ai 


A? 




'^p'^pkk 4" '^p'^pkk 


+ kpfcP 4- ^ \upk4 


p p 

+ {a^'^)kUpUqk + {aP‘^)kUpkUq + {aP'i)kkUpUq + {aP'i)k{upUqk + UpkUq) 

+ 4''\^k\^ 4- '4)"\uk\^ + 'Ip'Ukk, 


where we use the convention that we sum in all repeated indices except the 
free index k. 
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Since {^K) ^ < (j)' < {2K) we can absorb all the terms involving a 
into the squared terms up to a constant, i.e. we have 
(3.5) 


^kk ^ 


^l,kk 

Ai 


|A 


l,k\ 


A? 


+ (l^'i'^P^pkk + 


+ ^ '^i\upk\'^ + I'Wpfcl^) 


+ + i^''^kk ~ 


The constant C denotes a constant that may change from line to line, but 
it does not depend on the parameters Di,D 2 that we are yet to choose. 


• Calculation of Let us now compute the derivatives of Ai. We 

have the following general formulas for the derivatives of the eigenvalue A, 
of complex nxn matrices at a diagonal matrix with distinct real eigenvalues 
(see for instance Spruck [29] in the case of matrices with real entries): 


(3.6) 


Af = 6pi6qi 

Af= (1 - 5,^)^!^ + (1 - <5,,)-'^“'^*^’'^"" 


A?; Xr 


Xi Xr 


where Af^ denotes the derivative with respect to the (p, q)-entry Aq of the 
matrix as a complex variable. 

Denoting by Ai the largest eigenvalue of the endomorphism A again, we 
have, using (3.6), 


(3.7) 


Ai,fc = Af Vfc(ip 
= Vfc(il) 

= k9ll ~ Vfc-Si 
= 9ilk + («^^)fc5il) 


since VkBj = 0 at the origin. Here we computed using covariant derivatives 
with respect to the Chern connection of a, which makes the positivity of 
certain terms more apparent when we take second derivatives: 


Kk-k = AfV^Vfci^ + Af’^*(V,Hp(VsiD 

where we used (3.6) and the fact that = 0 at the origin. To rewrite 

this in terms of partial derivatives, note first that 

VfePiT = 9iik ~ ^Ti9mi 

(3.9) '^k'^k9ll = 9ukk ~ i^^kl)9mT ~ ^kl9mTk ~ ^kldlqk + ^kl^kl9mq 

= 9llkk + IS'lmfcl + Al). 
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In addition we have 
(3.10) 

Ar'"(Vt4;)(Vi4D = E 

P>1 


E 

P>1 


Ai Xp 

(Vfcgip + rl,BP){v-,g^j) + - ri^B^p){Vmp) 

Ai Xp 


1 |Vfc(7ipp + \'Vk9pi\‘^ ^ 

" 2 ^ -^1 - 

where we used (3.3) and (3.6). Recall that thanks to our choice of B we 
have Aj > —1, which implies (Ai — Ap)“^ ^ (nAi + 1)“^ for p > 1, and so 




1 


2(nAi + l) 




pi I 


-c. 


P>1 


To rewrite this in terms of partial derivatives, note that 

^k9lp 9lpk ^kl9£p 9lpk T O('^l)) 

where we made use of the fact that A* > 0 to conclude that |Aj| ^ 
(n — l)Ai for all i. It follows, since we assume Ai > 1, that 


Af’^^(Vfcip(V^iD ^ 


I \„ . |2 , |„ _ |2 

iX, 

p>i 


4reA 


+ bpifcP) “ C'Ai 


Combining this with (3.8) and (3.9) we obtain 

K,kk ^ 9ukk + XZ {\9lpk\‘^ + IffpIfeP) - C(^ \9lmk\ + Ai 


(3.11) 


P>i 


^ fl'iifcfc + ^ {\9ipk\‘^ + IffplfcP) — C{\9iii^\ + Ai). 

^ P>i 


Rewriting 9 in terms of u, we have 

fl'iifcfc = Xiifcfe + ^iifcfc + ^lifefc 

(3.12) = Xiifcfc + %feil + ^lifefc 

Aiifcfc Xfcfcil T 17fcA;ii ^^fcfcii 4” ^^lifcAii 


and so 

F'^%,kk > F^'^gk-kil + ^“(^iRfc - WfeMi) 

(3.13) + +igpifcp) 

^ P>1 


where F’P'^ denotes the partial derivative of the function F{A) with respect 
to the (p, g)-entry of the matrix A (as explained earlier), and we have set 
F = XOfc F^^. Observe that, thanks to (2.7) and (3.6), at the origin we have 
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that vanishes whenever p q, while on the other hand = fk, using 
the notation from section 2. Recall from the last assertion of Proposition 
2.3 that 

(3.14) p;? K>0, 

for a uniform k > 0. 


• The term We now differentiate the equation F{A) = h, using 

covariant derivatives to simplify a term that appears below. Applying Vj, 
we obtain 

namely, 

(3.15) F“aM + F“(a“)<9a = />i, 

Applying Vj and setting i = 1, 

(3.16) FP'i’^^ViggpVig.r + = h^- 

To rewrite this using partial derivatives, note that 

ViViga = - (arrS)9„E - rS9„iT - + fTrSs„5 

(3.17) ,_ , 

~ 9kkll ~ y^lk9kqlj + 0(Al). 

By rewriting g in terms of u, we have 

9kql 9lqk T X.kql Xlqk T ^Fkql bPlqfcj 

and hence 

'^l^ldkk ~ 9kkll ~ ~ Wlqk)J + Q( ^ ^ \9lqk\ + Al). 

q 

Returning to (3.16), and making use of (3.14), we obtain 

^ - FP’i’^'^iggpVigsr - CF’^’^ \g,pk\ - CFX^ 

(3.18) _ 

+ 2Re [F^^Tli^iWkgi - Wi^k) 

We bound the term involving Wiqk by 

(3.19) \F’^^W,gk\ ^ C{FXi + Y, F’^^lupkl), 


using again that Ai > K. For the term involving Wkqi note that 

= Wkkri-^kWkqi-rl,Wqri 

-Kk)lWqk+^k^lkWqp- 

In particular 


2 R^{T\^Wkqi) = - ViViW,^ + 0 {kF^). 
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Using this (and that we can assume Ai > K), we have 

(3.20) 2F""Re(ff;tUfc5i) = + 0{FX,). 


Combining (3.18), (3.19) and (3.20) gives 


_ C ^ Y1 • 

\ g V ) 

Going back to (3.13), using the square terms there to control the terms in 
(3.21) involving \giqk\ for g / 1, we obtain 

F'^'^Kkk ^ - ViViW^k) 

(3-22) _c(F^"|5ij,| + +AiF). 


• The term F^^VjViW^^. Using (2.5) and (2.11) we have 


(3.23) 


F“ViVilU,s = E E 

k i^k 

i k^i 

= F^^ViV.Z,-, 


Recall from (2.12) and (2.13) that F^^ = /i is “large”, equivalent to F^^ = 
fk for any k > I, while F** = /i for i > 1 is “small”, bounded by F^^ = 
/i. We also recall that, as explained earlier, the crucial assumption on Z-j 
implies that does not contain the terms or their complex 

conjugates. 

Hence, using the fact that supj j \u{j\ ^ CAi and Ai ^ K, 

F^ViViW,^ 

^ c(f 11 + |u,pi|) + F^i + |%Til) + Ai-F) 

k>l k 

(3.24) ^ c[F^\\mi\ + |und) + E + l^wiD + ^i-^) 

k>l 

F^lupfcl + F“|un,| + AiF) . 
p 


We also have 


— 9nk ~ Xiik ~ 


F“|un,| ^ F^^l^iifcl +C[ J^F^Iupfcl +AiF 

p 


and so 
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From (3.24) we then obtain 

(3.25) ^ +F“|5nfc| + Ai^ 


• The term Let us write Wii = W^Up + W^up. We have 

iWPup)kk = iW^kk^p + {WP)kUp-, + {Wn-kUpk + WPu^,-„ 
and so since we can assume that Ai ;§> K, we have 


(3.26) F^Hw^Up),-, ^ + Aj 


F 


Using (3.15) we have 

iF’^^Ukkpl = iF^’^igkkp - Xkkp ~ '^kkp)\ 

^CF'^>^\9,-,\+CF+\F'^>^W,-,p\ 

^ cf>^>^\u,-,\+ckF^f+\f>^>^w,-,j,\. 

To deal with this last term, note that thanks to (2.5), as in (3.23) 

= F’^'^VpW,-, + 0 {kF‘^T) 

= P^VpZ,- + 0 {K^^^F), 

and using the crucial assumption on Z^j, as explained earlier, we see that 
VpZp^ is independent of uii,upp. It follows that these Hessian terms can 
appear only with the “small” coefficients F** with i > 1. We obtain 

^ c(f^^ Y.^\ukp\ + |u^,|) + + \u^^\) + kF^f) 

k>l k 

^ C{Y,F'^’^\upk\ + Y,F'^"Kk\ + kF^F), 


and so 
(3.27) 


\F^Wkp\ ^ 


c[Y,F’^'^\upk\ + Y,F''’'Wpk\ + kF^F 

P P 


■?kk 


'^pk\ + ^~kF 


From (3.26) we then have (using Ai K): 

F'^’^iWPup),-, ^ -c[Y,F’^’^\upk\ + 

p p 

A similar argument gives the same estimate for F^^{W^Up)^j,, and this com¬ 
pletes the required estimate for F^^Wp 


llkk' 




ciWF^luptl + Ai/-’ 


P 


Putting together this last inequality and (3.25) into (3.22) we obtain 


Tpkk \ _ ^ 

^ ^l±k ^ “ 


F^^^^^^Vrg.pVwsr -C\F^%ilk\ +Y,F^^\upk\ + XiF 
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We now use this in Equation (3.5), to give 




F 


Ai 

kk 


A? 


+ F (j) {upUp^p. + upu 


+ Wpk\'^) + F^^\uk\'^ + 'tp'F^^u 


p 

-C 


kk 




We can use (3.27) and the fact that (j)' < {2K) ^ to bound the terms 
involving Upj,i, Upi,i,: 

E E E ^“1 vi + 

p p p 

which in turn can be controlled by the good squared terms \upk\‘^ + Irtp^P at 
the cost of an extra multiple of F. In addition, since we assume Ai S> K, 
we can control the F^^\^^\upk\ term in the same way. We therefore have 

-FPi’^^ViggpVigsr E^^IAq^p 


0 ^ ^ 


(3.28) 


F‘ 


Ai 

kk 


A? 


+ ^ l^pfcl^) + 4>"F’^'^\Vky 


+ ^P"F'^>^\uk\^ + - C F^'^Ar^biifcl + F 


kk \ —11 


We now deal with two cases separately, as was done in Hou-Ma-Wu [19], 
depending on a small constant 6 = 6 di,D 2 > 0 to be determined shortly, and 
which will depend on the constants Di and 02 - 

Case 1. Assume (5Ai ^ —Xn- Define the set 

I = {i : F^^ > 6-^F^^ }. 

From (3.4) and the fact that = 0 at the maximum, we get 


E 

k^I 


F“|Ai 


(3.29) 


= -Y^F^>^\(t)'Vk + ^'uk\^ 

k 0 

^ -2(/.'2^F'=^|VfcP 

k 0 k^I 


k 0 


For k € I we have in the same way 

kei 


(3.30) -2,5^ ^2 


^ -2(5(^"^F“|Ffcp 

kei kei 
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We wish to use some of the good 'll)''F^^\uk\^ term in (3.28) to control the 
last term in (3.30). For this we assume that 5 is chosen so small (depending 
on Ip, i.e. on Di,D 2 and the maximum of |n|), such that 

(3.31) ‘iS'ip'^ < ^'ip" 

Since ip" is strictly positive, such a <5 > 0 exists. 

Using this together with (3.29), (3.30) in (3.28), we have 


0 > 




Ai 


(l-25)j; 

k&I 


Af 


(3.32) 


J^KK 1 

+ ^ + Wpk\'^) + -^ip"F^^Wkl'^ + ip'F^^u 

F^^Xi ^ 


-2'iP'‘^5-^F^^K -C 


To deal with the first two terms, note that (as in [32, Equation (67)]) the 
concavity of the operator F implies 


TT'fcAl Z7^ 11 

(3.33) ^ Ni9kl\\ 


where note that the denominator involves Xk instead of Xk because we are 
evaluating F at A. We also remark that the denominator on the right hand 
side does not vanish, because the assumption A; G / implies that F^^ > F^^, 
which implies that < Ai because / is symmetric. By definition, for k £ I 
we have ^ 6 F^^, and the assumption that (5Ai ^ — A„ implies 


1-6 1-26 


Ai — Xk Ai 


It follows that 




(3.34) 


kei 




kGl 
1 - 26 


Ai — Afc 


Ai 




kei 


Combining this with (3.32) and (3.33), we then obtain 

k€l 

rpkk 1 

p 


-2'iP'^6-^F^^K -C 


F^^Xi + IF 


(3.35) 
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We wish to obtain a lower bound for the first term in (3.35). We make 
the following claim. 


Claim. For any e > 0 there exists a constant such that 


(3.36) 


E 

k^I 






i,fc 


A? 


rpkk 


A? ^ 12 iF 

feSJ ^ p 

+ + eC^'F - CT 


as long as XijK is sufficiently large compared to -0' (the constants Di, D 2 
of %Ij will be chosen uniformly later). 


Proof of Claim. First, we compare to Ai^^. We have 

= Xfcii + ^fcii + ^fcii + 0(Ai) 

= Xfcii + ^lifc + W^fcli + 0(Ai) 

= 9ilk ~ ^ilfc + ^fcli + 0(Ai) 

= Ai^fc — Wiik + Wfcii + 0 (Ai), 


absorbing bounded terms into 0(Ai) and using (3.7). It follows that for any 
k, without summing, 


(3.37) 


|Vi5hP ^ |Ai,fc|' - ^^[|Ai,fc|(|IFn,| + |W,nl) 
+ Ai|Ai^fc| + IkFiifcP + l^fciiP + A 


2 

1 


• The terms in (3.37) involving W. Note that if /c € / then fc / 1, and 
so from (2.5) we have 

^fcii = (tra^)«fcii -{n- l)^fcii. 

Our basic assumption for Z implies that + 0{Z) does not 

contain the Hessian terms un or rtjj- It follows that W^ii and its complex 
conjugate do not contain these Hessian terms. The term W^ik and its com¬ 
plex conjugate also do not contain the Hessian terms un or un since each 
Hessian term must contain a ^-derivative. To simplify the formulas, let us 
write 

U = ^ \Upq\- 

P>i 

q^l 

It follows that 

(3.38) |W,n| + |Wnfc| ^^(Ai + C/), 
and so 

(3.39) \Wk-n\^ + \W,-ik\"^C{Xl + U^). 
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We now use these to estimate the negative terms in (3.37). Using that 
Hk = 0 together with (3.38) we have 


\Kk\i\Wnk\ + \Wk-n\) 


— Ai 


(3.40) 


We have 


(3.41) 


and 


(3.42) 


(j) {UfUrk ~\~ UrkUr (o ^k'^rUg) 4“ "0 (|hhllfc| 4“ |H^fcll|) 




C\i 

2KV2 


( ^^ \'Ufk\ + \Urk\ 4- (Ai 4- U) 


+ CXi\^P'\\uk\{Xi + U). 


2J^i/9 (y~! \'^rk\ + ^ \Urk\ + K^^‘^)X 

r r 

cxf . . cxf 

^ 9K1/2 + 


1 


2i^V2 


u + CXl 


CXi I 
2KV2 \ 

CXl 




\urk\ 4- \Urk\ 4" j U 


u + + CXiU 


Rin Ki/2 




A'l/2“ AI/2 
Next, for any e > 0, there exists a constant such that 

(3.43) AilV^'llufelAi ^ - eXli;'- XlCeil^'\uk\‘^, 
where we have used the fact that if}' < 0. And, 

(3.44) XiW\\uk\U ^ -AiV^'C/ 2 - AiV-Vfcp. 

Combining (3.40) with (3.41), (3.42), (3.43) and (3.44) we obtain 

(3.45) 

|Ai,fc|(|lUnfc| + \Wkii\) ^ Y1 ^ 

\ J, 

- XlC,i;'\uk\‘' - eXl^P' - Ai^'In^P - Xi'iP'U^'^ . 


Using Hk = 0 again, 

|Ai,fc| 

(3,46) . , 

< WIT? E l“P‘l + WIfl'' - + C 


— 1 ^ (Mp^pk '^pk'^p “ 1 “ “ 1 “ '4^ '^k\ 
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Using also (3.39) in (3.37), we then obtain 


iVigfclP .. |Ai,fcP ^ 


A? 


A? 


1 


E 


1 


Xl/2 T j^i/2 ' 

P 

+ + 1 - eV'' - + C'e'0'l'Wfcl^- 


:U 


AiKV2 


Ai 


Ai 


Summing over k € I, we have 
(3.47) 


feG/ 


fcG/ 




^ E^“lA£'l + 7?T72'^t^ 


KV2 


+ 




+ C,V’'F“|nfc|2 


First, we use 
(3.48) 


E ^“1 vi < Tw E 


^1/2 ^ 1277 

p p 


Note that all with k > 1 are comparable to J-. It follows that 
(3.49) 




Fl/2 


and 

(3.50) 


C 


AiFV2 




C 


Aii7V2 




As long as XijK is sufficiently large depending on ^|J' (i.e. depending on 
77i, D 2 which will be chosen later) we have 


(3.51) 


£v./ 

Ai 




and using (3.48), (3.49), (3.50) and (3.51) in (3.47) we finally obtain 


E 

fee/ 


F^^WklY 

A? 




EEJ^_E:^(|.,,P + M=) 

fee/ 1 p 

+ Ce^p'F^’^lukl'^ + eCV^'F - UF. 


F 


This completes the proof of the claim. 


□ 
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We now use the claim in (3.35) to obtain 
52) ^ 

-2^l;'H-^F^^K-C[F^’^\'{^\gnk\+F] 

+ Cei^'F^^\uk\^ +eC^'F. 


• The terms involving Isfiifcl and From (3.7) we know that 

9ilk = ^i,fc + O(-^i)) 

and so using (3.46) we get 

(3.53) 


F- 


""K"\9ilk\ ^ ^ E M - e^pr 


- eih'F + CF. 


The terms involving \ upk\, \upk\ can be absorbed by the squared terms Irtp^P, \ upk\'^ 
in (3.52), and so we obtain 

T'kk 


(3.54) 


0 ^ E F^^\uk\‘^ + ip'F^^Uj.1. 


- 2i>'^6-^F^^K -CF + Ce^A'F^lufcp + sCip'F. 

As for the term involving we have 

^|J'F’^%-, = ^P'F’^\g,-,-Xkk-W,-,). 

As in (3.23) we have 

fc i 

Recall that Z^i does not contain ui or ttj and is the only “large” coef¬ 
ficient, of order for fe > 1. It follows that 

^ CF^lufcl ^ CsF’^'^\uk\^+eF, 

and so 

(3.55) ^ iP'F^^ig,-, - Xkk) + C.p,'F'^’^\uk? + e^P'F. 

From (3.54) we then finally obtain (if necessary replacing by another 
constant depending only on £ and the allowed data), that 

T 


(3.56) 


0 ^ F 


11 (K 


V40F 


- 2i:''^5-^K ) + { + Ce^P' F^^\uk\^ 


- CoF + eCo^P'F - P^'F^^^ixk-k - Qkk), 


for a uniform Cq. We have used the fact that |u^y|^ ^ — CK. 

Under the assumption that the function rx = 0 is a C-subsolution, and 
that Ai ^ 1, we may apply Proposition 2.3 and see that there is a uniform 
positive number k > 0 such that one of two possibilities occurs: 
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(a) We have > kF. In this case we have 

11 / "^1 


0 > F 


- + QiA" + 


^4of: 

- CqF + eCoiA'F - iP'kF. 

We first choose e > 0 such that sCq < k/2. We then choose the 
parameter D 2 in the definition of iA(i) = to be large enough 

so that 

At this point we have 

v 2 


0 ^ F 


11 


rr 

A? 


We now choose Di so large that —> Cq, which implies 


40K 


^ 2 il;'^ 6 -^K. 


Note that 5 is determined by the choices of Di,D 2 , according to 
(3.31), so we obtain the required upper bound for XijK. 

(b) We have F^^ > kF. With the choices of constants made above, 
(3.56) implies that 


141 


" > (iofe ■ j ■ 

+ eCoiA'F + CiiA'F + iA'F“ 5;. fc, 

for another uniform constant Ci. Since ^ -FAi, we can divide 

through by FK and obtain 

k\\ 


0 > 


-C2(l + ir-^ + AiF-'), 


—In 


4of:2 

for a uniform 6 * 2 . The required upper bound for \i/K follows from 
this. 


Case 2. We now assume that 5Ai < —A^, with all the constants Di,D 2 ,S 
fixed as in the previous case. We first use that F""” ^ ^F as well as A^ > 
(5^Af to bound 


rifc/c 








6 K 

F 


Ur, 




F 

QnK 


I'^Ti \nn 


.|A„| 2 - ^(l+i^) 

lOnF' ' K ^ ’ 

F\l - CF. 


lOnF 
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In (3.28) we now discard the positive first term and the term involving ■0", 
and use this to obtain 


0 ^ - 




i,fc 


A? 


+ 


52 






WnK 

kk \ —1 




To deal with the terms involving and we note that 

^ CFXi 

and, since g^jf^ = Ai^fc + 0(Ai), 

1 F^'^lAi; 12 


C'F'="Ar1ffnA:l ^ CF""Ar'|Ai,fc| + ^ 


+ CF. 


Then we obtain 
(3.57) 




Using Hk = 0 we have, since ■0' is fixed now and bounded. 


3F“|V|2 3 ,, 2 

2-^2-“2^ \(pVk + ^pUk\ 

^ 2F^V'^|VfcP + 

< F“(/."|I4|2 + C-T7C. 

Returning to (3.57), we obtain, since we may assume Ai ^ K, 

52a2 


0 ^ 


lOnK' 


F-CX^F. 


Dividing by AiJ^ gives the required bound for XxjK. 
Then we immediately deduce the bound (3.1), namely 


(3.58) 


sup \^/FlQQy\^^ ^ (^(sup |Vu|2 + 1). 
M M 


A blow-up argument as in [32, Section 6] combined with a Liouville theorem 
[32, Section 5] (see also [8, 37, 38]), shows that sup;^^ I ^ ^ 
a uniform bound |Au| ^ C. Here we remark that in the blow-up argument 
the only difference from the setup here (compared to [32]) is the presence of 
the term kUjj. However this term is linear in Vu and so converges to zero 
uniformly on compact sets under the rescaling procedure of [32] (compare 
[38, Section 6]). 

We can then apply the Evans-Krylov-type result in [34, Theorem 1.1] and 
deduce a uniform bound 


lc'2./5(M,a) ^ C, 
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for a uniform 0 < /3 < 1. Differentiating the equation and applying a 
standard bootstrapping argument we finally obtain uniform higher-order 
estimates. 


4. Proof of Theorem 1.4 


In this section, we explain how Theorem 1.4 follows from Theorem 2.2. 
Write * for the Hodge star operator with respect to a. This acts on real 
(n — 1, re — 1) forms as follows. Consider a real (re — 1, re — 1) form 0 given 
by 

0 = ^(sgn(z, j))0.jdz^ Adz^ A-■■ Adz^ Adz^ A-■■ 

hj 

A dz^ Adz^ A-■■ Adz'^ A dz^, 

with sgn(i,j) = 1 for i ^ j and sgn(i,j) = —1 if i > j. If we are computing 
at a point in coordinates so that = 6ij , then 

*0 = A dz\ 




A basic property is that for any Hermitian metric w we have (see [37, Section 
2], for example) 

n—l ! . /. n—l\\n re C ,n— 


UJ" 


(*(a;’"-^))’" (*(a;'‘-i))^ 


a""/ (*(a"' ((re — l)!a)’^ 

Then taking w as in Theorem 1.4, we see that equation (1.7) is equivalent 
to 

( 4 . 1 ) 


log = K 


((re — ly.ay 

with h = {n — 1)(F + b), a smooth function. Recall that 


, ,n—1 ^ n—1 

UJ = an 


+ \/^^dduAa^ ‘^ + Re A d{a^ ^)) 


As in [37], we have 
1 


(re — 1)! 


* {y/^ddu A a” ^) = --((Are)Q: — y/^ddu). 


re — 1 


Define 

(4.2) 


% = 


--^ * Re (y/^du A d(a^ ^)) 

[n-iy T 


A straightforward but long calculation gives 


2(re - 1) 




k£„ 




qik ij 


jtk 




j iki 


kij 


(4.3) 
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where we are writing Tjj for the torsion of a and T-^j = T^^aki- An important 
point to note is that, since the torsion is skew-symmetric T^-j = in or¬ 

thonormal coordinates for a we see that Z-j is independent of ixj and Uj , and 
that '^iZ-j is independent of Uj. Indeed, in local orthonormal coordinates 
for a we have 


= 


1 


2(n - 1) 


.p^i k^i p^i k^i 


and for i ^ j 


2(n - 1) 


'^{uiTjkk + ’^kTkji) + '^k^kij )) > 

k^j kj^i 


using the skew-symmetry of the torsion. Also, 


2(n - 1) ( 


yy yy + '^^'^v^pkk) 

p^i k^i 


+ yy i^pkk + ‘i'^P^pkk) 

pzjLi k^i 

and the statement follows. We also define 

1 


Xij 


(n- 1) 






Given this, we see that (4.1) is equivalent to 


log(/ii ■■■ Hn) = h, 

where /i* are the eigenvalues of a^'Pgjp, for g given by 

9{] = Xi] + - ^ij) + %• 

Since Xi] is positive definite, we have that 0 is a C-subsolution. From the 
discussion in section 2, it is now immediate to see that this equation falls into 
the setup of Theorem 2.2, and so we obtain the uniform a priori estimate 
(3.58). Therefore Theorem 1.4 follows from [38, Theorem 1.7]. 
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